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Error Control and Adaptivity for Low-Mach-Number
Compressible Flows

Murat Sabanca,” Gunther Brenner,’ and Franz Durst*
Friedrichs-Alexander University, D-91058 Erlangen, Germany

An error estimation and grid adaptation strategy is presented for low-Mach-number, compressible, isentropic
flows in two dimensions. There is very little literature investigating error control and grid refinement strategies
combined with low-Mach-number compressible flows simultaneously, although these two concepts have been
treated separately. The error control and the refinement procedure is based on the adjoint formulation in which
the adjoint function is connected to local residual error, as well as linear variation of the functional with respect to
a coarse grid solution. The benefit of the presented local grid refinement strategy based on some prechosen relevant
engineering quantity is that it quantifies the specific locations in the domain that most affect the approximation of
this quantity while maintaining the computational efficiency. Moreover, this approach is broader in the sense of not
requiring a priori knowledge of the flow compared to standard gradient-based or global refinement approaches.
Finally, the predictive capability of the error estimation strategy is demonstrated quantitatively by comparing to
experimental and theoretical results for flows past slender bumps and a National Aerospace Laboratory NLR7301
multi-element airfoil for Mach numbers from 0.001 to 0.185.

Nomenclature

pressure coefficient

forces

drag coefficient

lift coefficient

total internal energy per unit volume
total energy per unit mass

total enthalpy

specific enthalpy

output functional

cost functional at the suction point
cost functional at the stagnation point
Hessian matrix

Mach number

pressure

vector of conservative variables
total quality parameter

local quality parameter

triangle

time

cartesian components of velocity
adjoint function

edge array

abscissa

ordinate

angle of attack, rad

specific heatratio, ¢, /c,
discretization error

error criterion

density

bump thickness

numerical flux function
freestream values
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Subscripts

a = axial component

D, = pressuredrag force

e = stagnation point

F = inviscid fluxes

1 = interpolationerror

i = ith Cartesian component
J = jth Cartesian component
k = average value

[ = lower surface

n = normal component

s = suction point

u = upper surface

0 = initial state

Superscripts

h = approximate solution

inverse of the matrix
edge averaging

Introduction

HE compressible form of the Euler equations allows two types

of propagationspeeds, the speed of sound and the speed of flow.
In the case of low-Mach-numberflows, such as chemically reacting
flows in combustion chambers or landing and takeoff configura-
tions of multi-element airfoils, the speed of sound is much higher
than the flow speed. The flow is almost incompressible. This leads
to numerical simulation problems when applying the fully com-
pressible form of the Euler equations to low-Mach-number flows.
However, there exist remarkable improvements in this field by us-
ing approximate Riemann solvers, although the wave structure of
approximateRiemann solversis still an openquestionin multiple di-
mensions (see Refs. 1 and 2). In such situations, the loss of accuracy
is critical and is often the limiting factor, when applying computa-
tional fluid dynamics as a design or an analysis tool. The recent
developments’ ¢ in the design and the implementation of the finite
volume methods for the Euler equations in the low-Mach-number
regime allow us to apply residual driven a posteriori mesh refine-
ment to overcome accuracy problem. Nowadays, it is possible to
simulate unsteady, viscous low-Mach-number flows to investigate
the compressible effects at high-temperatureratios with compress-
ible solvers’ or steady viscous flows with chemical reactions at a
high rate of density fluctuations?
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The developments in computer technology as well as in the de-
sign and the implementation of algorithms allow ever larger, more
complex problems to be handled. This increase in the dimension
and the complexity can be compensated and predicted accurately
by solving for a large number of unknowns. The concepts of error
control and adaptivity, whose tools were already known from solid
mechanics,'° have been already utilized for wide range of flow sit-
uations in the finite element framework by Strouboulis and Oden,'!
Beckerand Rannacher,'? Giles et al.,'® Ilincaetal.,'* Peraire et al.,'?
and Braack and Rannacher?

However, it has been bypassed for low-Mach-number com-
pressible cases. This problem was first attacked by Braack and
Rannache® and Becker and Rannacher'? by simplifying the full
compressible Navier-Stokes equations at low Mach numbers for
steady, viscous chemically reacting cases. A Galerkin-type finite
element (FE) algorithm was utilized to solve the set of equations
for both the flow variables and the variables controlling the dis-
cretization errors. The flow variables were taken as dual functions
of simplified Navier—Stokes equations, and the refinement of the
grid was utilized with respect to a posteriori solution of the dual
formulation of the governing equations.

On the other hand, for finite volume (FV) simulations, several
techniques for numerically estimating the discretizationerror were
introduced by Pierce and Giles,'® Giles and Pierce,'” Van Straalen
et al.,'® Sabanca et al.,'® and Venditti and Darmofal >*?! The re-
finement strategies for FV formulations have been concentrated on
residual approximation, gradient-based flow variable approxima-
tions, accurate approximation of relevant engineering quantities,
and reduction of global discretization error. Among the strategies,
the accurate estimation of relevant engineering quantities on the
basis of variation of the residual with respect to dual function is
promising because there are usually a few integral quantities of pri-
mary concernsuch as lift and drag coefficient on an aircraft. The rest
of the solution is often needed only for qualitative purposes, for ex-
ample, to see if thereis a bad flow separation. The aim of the present
study s to estimate theseintegral quantitiesaccurately at low-Mach-
number flows by using a modified FV, approximate Riemann solver
in two dimensions for transient or steady applications. The low-
Mach-number simulation with an approximate Riemann solveris a
stiff problemif the fastest wave travels from one end to the other end
of a two-dimensional virtual shock tube and sweeps out the undis-
turbed region that is used to guess the solution. From this point
of view, it is a reasonable approach to use anisotropic grids. (The
smaller the Mach number is, the more stretched are the grids in the
convection direction.) In this case, it seems unfavorable to enrich
the mesh points. However, this problem is not so easy to avoid by a
simple grid trick for low-Mach-number compressible cases. Never-
theless, the idea behind anisotropicgrids is used to check the quality
of the meshes in calculating the interpolation errors and to derive a
total mesh quality parameter for the computations by constructing
a Hessian matrix on each edge with respect to the interpolated flow
variable (see Peraire et al.!* and Dole;jsi??).

Error control and adaptivity for a wide range of high subsonic,
isentropic transonic, and shocked flow cases for inviscid quasi-one-
dimensional flows were reported by Venditti and Darmofal 22! The
well known approximate Riemann solver of Roe? was utilized to
solve the governing equations. The error control and the adaptivity
are assessed through accurate computation of pressure. The exact
error in the computationsis estimated by using the Richardson ex-
trapolation. A very crucial yet usually overlooked disadvantage of
the Richardson extrapolationis that the extrapolated solution gen-
erally is not conservative in the sense of maintaining conservation
properties (see Roache?). To reach an all-Mach-numbercapability,
the conserved variables were used for both governing and adjoint
equations in the present study. That is why the Richardson extrap-
olation was unsuitable for the present investigation. Because the
canonical form of the Euler equations is hyperbolic in space and
is solved along infinitely many characteristic directions, the cor-
responding error estimation strategies are more difficult in the FV
framework compared to one-dimensional cases, which have only
two characteristic directions. The present study can be seen as a
completing work in the field of refinement strategies by covering

slightly compressible (almost incompressible), multidimensional
cases with a slightly different and simpler technique than that of
Venditti and Darmofal?*-?! that can readily be implemented on an
existing all-Mach-number-capale solver.

The plan of the paper is as follows. In the next section, we will
mention the well-known Euler equations as well as the boundary
conditions and briefly explain the time discretization. In the suc-
ceeding section, the proposed iterative grid refinement strategy to
improve the approximation of relevantengineering quantities in the
low-Mach-numbercases will be explained. The refinement strategy
will be based on the accurate computation of lift and drag coef-
ficients. Then, in the next section, from the standard interpolation
error reduction concept, the total mesh quality parameter will be de-
rived to rank the overall quality of the meshes in the computations.
The low-speed, most-cited geometries in the literature are chosen
as test cases to measure the quantitative accuracy of the lift and
drag computations, as well as the predictive capability of the error
estimation technique. The results will then be shown.

Governing Equations
The equations governing the inviscid, compressible, and isen-
tropic flows are written as follows:

dp | 9(pUy
— 4+ =L 0 1
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where i, j =1, 2. The equations of state to compute the pressure
and the equation for total enthalpy are given as

P=(y~D[pE~-p(U7+U;)/2].

Equations (1-3) are solved numerically by using a third-order
spatially accurate cell vertex scheme with a modified approximate
Riemann solveratlow Mach numbers (see Roe? and Sabancaetal.®).

H=E+P/p

Boundary Conditions and Time Discretization

The inlet and outlet boundary conditions are based on the char-
acteristic directions between the ghost nodes, which have the
freestream values, and the boundary nodes.>* A Neumann-type
boundary condition, namely, the slip wall, is utilized on the wall
boundaries. The discrete form of the governing equations in time
is a variant of the approximate factorizationalgorithm (locally im-
plicit but globally explicit). The solution procedure is based on the
Riemann problem at the cell interfaces. The procedure posed for
the approximate solution is for the infinite domain, and thus, inter-
actions among waves are precluded. The waves from other faces
within a control volume should not reach to another face. This im-
plies that the time step At is limited so that wave interactionsdo not
occur. More specifically, the fastest wave should not reach from one
face to the neighboringfaces in At. It turns out that this constraintis
compatible with the classical Courant-Friedrichs—Lewy condition
for conditional stability (see Venkatakrishnanand Mavripilis®®).

Error Control and Refinement Strategy

The error control and the refinement strategy utilized in the
present study is a discrete adjoint formulation?® After that, the so-
lution adaptive refinements based on this discrete method are com-
pared with a gradient-based method that utilizes a Hessian matrix
and with a global refinement. Assuming Q = [p, pU;, pU,, pE] to
be the exactsolutionand Q" the approximate solution of Egs. (1-3),
we obtain the residual for Q" as

res(Q") = &, (0", n;) )

where @ is the inviscid modified numerical flux function>> The
linear approximation to the exact value of res(Q) is

0
res(Q) ~ res(Q") + ar—;(Q ) )
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Because the presentstudy deals with time-independentapplications,
the value of the residual (res) for the exact solution must be zero, that
is, res(Q) = 0. Then the discretization error from Eq. (5) becomes

ares

Q"

—1
c=0-0'= —( ) res(Q") (©6)

When Eq. (6) is followed, the relation between the discretization
error and the relevant engineering parameters such as lift and drag
can be explainedas follows: The total pressure forces exerted by the
fluid on the airfoil are composed of a horizontal ¢! and a vertical ¢”
component. If these pressure forces are integrated from the leading
edge (LE) to the trailing edge (TE), one obtains

TE
= f [C,.(0" - C,. ("] dx ©)
LE
TE
N h dy, _ %
(‘a - /;E [Cp.u(Q ) dx Cp.l dx i| dx (8)

where subscripts / and u stand for the lower and upper surfaces of
the airfoil, respectively. When the component of forces normal to
and parallel to the chord are taken,

clh(Qh) = c‘z cos(a) — CZ sin(a) ©)]
ch@" = " sin(@) + ¢ cos(a) (10)

As one notices, although the computations are carried out by using
the inviscid flow model, there is a nonzerodrag coefficientas a result
of the contribution of the pressure forces.

If I,(Q" = [clh, CZ], the output functional, is the lift or drag ob-
tained from the discretization of the approximate solution and the
1(Q) the exactsolution, then the errorin the approximationof these
engineering relevant quantities is

50" = 1(Q) = [1,(Q") — L(D]+[L(Q) — (O] (11)
—_— ————

computable error negligible error

The second term in Eq. (11), the error of the integral operator, is
assumed to be negligibleif the integralis approximated with enough
points by using left or right Riemann sum or trapezoid rule. The
first term is the dominant error term from the discrete solution. The
linearizationof the adjointarguments around the numerical solution
and substitution of Eq. (6) results in'3

10" — 1(Q) ~ 2 -0"
h —An ~ 50 B
AP
9l dres(0") ]
=30 0=0' [T} res(Q") = Vres(Q")  (12)

v

where the vector V is the solution of the adjoint flow equations,

ares(Q") .
|:8—th|V + a_Qh =0 (13)

Thus, the adjoint flow solutionrelates the errors in quantities such
as lift and drag to the underlying truncation errors in the evaluation
of FV residuals. The refinement strategy will, of course, depend on
the nature of the criterion of accuracy that we wish to satisfy. A
very common requirement from solid mechanics is to specify the
achievement of a certain minimum percentage error in the energy
(or Ly)norm.’ In Eq. (12), V is the approximationto the adjointsolu-
tion in terms of adjoint arguments, here lift or drag coefficients, and
weights the residual locally in the vicinity of the wall nodes. Having
obtained the solution on the coarse grid, the postprocessing of the
solution is fulfilled with respect to an a priori given tolerance (tol)

TN

1 2

a)
b) c) d)

Fig. 1 Mesh a) optimality based on interpolation and b), ¢), and
d) refinement.

value as follows: triangles whose 1 values satisfy the condition for
a given tol value,

area(7)
=€ - - > tol (14)
float(number of grid points)

are marked for refinement. The marked triangles are divided by
joining the midpoints of the edges as is shown in Fig. 1d, regular
refinement. After this type of refinement, we get hanging nodes
in some triangles. To get rid of this problem, the triangles having
exactlyone hangingnodeare bisected by joining thehangingnodeto
the vertex oppositetoit (Fig. 1b). The trianglesthathave two hanging
nodes are divided by joining the hanging node to the midpoint of
the longest edge and the latter to the opposite vertex, as is shown in
Fig. 1c (Ref. 26). This process is repeated until an approximately
constantvalue of the weighted erroris obtainedin the entire domain.
At this stage of the solution, an overrefinement of the grid mightbe a
problem. This problem can be avoided by using a suitable tolerance
value as stopping condition. Moreover, in the presentinvestigations,
the horizontal component of the momentum equations and the lift
coefficient are used as key variables in the refinement of the grids.

What Is the Overall Quality of the Triangles?

In this section, we describe the mathematical background of the
anisotropic meshes and derive a quality parameter for the meshes
used in the present investigations. The interpolation error €; for
linear interpolation of flow variablesin the FV frame is

1] 020" (x, ;. 1) 2
€ = E[T(x —X;)
Q" (x, yi, to)

+ 2= (k= ) (3 — )

dxay
3 Q" (xi, v, to)

+To(y—Yz)2

y

+0(1x —xi.y = wil?), i=1,2,3 (15)

The points satisfying Eq. (15) form an ellipse in contrast to
Delaunay’s circumcircularformulation. For any edge in Fig. 1a, the
array v=(x — x;, y — ;) and the positive-definite Hessian matrix
are defined as

aZQh 32 Qh
0x2 0xdy
M = 2Qh 2Qh (16)
ad ad
9xay ay?
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In the computation of M, a standard central discretization method
on the trianglesis utilized. The interpolationerror given in Eq. (15)
can be expressed as

lvlly = (Mo")? (17)

If we consider the triangle in Fig. 1a for any edge E;, of the trian-
gle, the M matrix is averaged on the edge, M) = %(M[ + M;). The
triangleis optimalif || £y |l5= = 3,k =1, 2, 3. Then the optimality
parameter for a triangle is measured by

o=

3

ar=1| > (IEI~-~3) (18)

k=1

The total quality of the mesh is defined by

0 = 1 > (19)
T float(number of triangles) - ar

Itis clear that @7 > 0 and that the mesh is optimal if @7 =0. The
Hessian matrix M defined by Eq. (16) can be evaluated for all of
the conserved variables. However, this is not the case in the present
study. For the gradient-basedapproach, this matrix is evaluated with
respect to a key variable, which is the horizontal component of the
momentum, thatis, pU;.

Level Ma
14 0.0101449
13 0.0101268
12 0.0101086
11 0.0100905
10  0.0100723
9 0.0100542
0.010036
7 0.0100178
[} 0.00998154
5 0.00996338
4 0.00994523
3 0.00992708
2 0.00990892
1 0.00989077

/ﬁ%@ﬁ\ °“>

Fig.2a Mach contours for case 22.

0.06 Y y T T T Y
Exact solution
® Present
0.04 u Global refinement
0.02
o
o COEE e peerorpessy
-0.02
~0.04 . A 2 2 . .
-3 -2 -1 0 1 2 3 4
X

Fig. 2b Comparison of C, values for Ma = 0.001, 7 = 0.01 with the
theoretical result.?$

Results and Discussion

The theoretical work mentioned in the previous sections was ap-
plied to the test cases thatare shownin Table 1 and to a multielement
National Aerospace Laboratory airfoil NLR7301 at high angles of
attack. These test cases have been cited most in the literature, es-
pecially 10% bump*’ for high subsonic and transonic applications.
Moreover, in any standard text book of gasdynamics, one can see
the theoretical solutions for flow past slender bumps.?® On the other
hand, the low-speed, high-lift NLR7301 airfoil with flap, which is
one of the most cited geometries, is chosen to measure the quantita-
tiveaccuracyof the lift and drag coefficients, as well as the predictive
capability of the error estimation technique.

Flow Around a Bump in a Channel
The very low-Mach-number subsonic flow over the bump shows
the expected theoreticalbehavior:increasing velocity in the forward

Table1 Test cases: bump thicknesses
7 vs Mach numbers

Case number

T May, =0.1 Mayx =0.01 May =0.001
0.1 11 21 31
0.01 12 22 32
0.001 13 23 33
107
10° F
&E
>7§ 107}
Ay
! =
o
10° b Analytical A
g CASE11,CASE21,CASE31
#=——u CASE12,CASE22,CASE32
-+ CASE13,CASE23,CASE33
107 .
10° 107 107"
Ma
a)
10° ' Y
N A—A Present
\\ & —-8 Global refinement
10" 1
N
§
2
<
107 4
107 . A
10° 10° 10" 10°
Number of grid points
b)

Fig.3 Case 22: a) comparison of pressure oscillations with the theo-
retical work and b) comparison of the error (momentum) for local and
global refinements.
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portion of the bump and the decreasing velocity in the rear half
portion. In the middle of the bump, the pressure reaches its local
minimum value, as shown in Figs. 2a and 2b (Ref. 28). Moreover,
the present local refinement approach is compared to the global re-
finement strategy in Fig. 2b. In the vicinity of stagnation points, the
outlined method gives slightly better results than the global refine-
ment strategy with fewer grid points. The mesh quality parameter
Q7 for this case is found to be 1.984 as the best value after four

~7
78068 4486

-33828

78.068 338062 ] -71.4486
1 \/I ) - = il =] I |
-1 0 1 2
X
a)
= AL
Wg’ %{@ g Q@ &
-0.0058 & _——_-0.0058
> _-0.0978 9019245579
| L L L |/Q Y L :\: Lmjb > ! L 1
-1 0 1 2
X
b)

Fig. 4 Error maps for case 22 a) before refinement and b) after four
cycles of refinement.

HE 2 . 1
6.°, Experiment

a =

a = 13.1°, Experiment

o = 6.2, Gradient based
o = 6.° Present

«--- = 13.1° Gradient based

—-— a = 13.1°, Present

——a

a)

IYIY YN
e,
e \& J
PN d

6., Experiment
13.1°, Experiment
6.9, Gradient based .
6.°, Present

13.1°, Gradient based
13.1°, Present

o

QRRRRR

0.196 0.296

b)

Fig.5 Comparison of the 1— C, distribution a) on the main element
and b) on the flap element for angle of incidences, a =6 and 13.1 deg.

cycles of refinement. In accordance with the theory summarized by
Van Dyke,? the asymptotic expansion of the flow variables with re-
spect to Mach number shows that the pressure oscillations at Mach
numbers as Ma — 0 should be directly proportional to O(Ma?), as
is shown in Fig. 3a. Figure 3b shows error reduction for both the
presentlocal refinement approachand the global refinement strategy
for case22. The initial grid has 400 nodes. After a four-leveluniform
grid refinement, the same level of error reduction is obtained with
approximately 10 times fewer grid points. The error map shown in
Fig. 4a for case 22 corresponds to error distribution on the initial
coarse grid with respect to key variable pU,. After that, this initial
coarse grid is refined four cycles with tol=0.01, and as is shown
by the correspondingerror map with respect to pU, in Fig. 4b, the
presentapproach is capable to reduce the error.

NLR7301 Airfoil

The computed surface pressure distributions for incidence an-
gles of 6 and 13.1 deg for the flow around the low-speed, high-lift
NLR7301 airfoil/TE flap configuration of Van den Berg*® are shown
in Figs. 5a and 5b. This is a landing/takeoff configuration with the
flap angle 20 deg and with the largest flap gap 2.6%. The experiment
was carried out in a low-speed wind tunnel with Ma =0.185 and
Reynolds number 2.51 x 10°. The difference between the experi-
mental and the computational results on the upper surface of the ele-
ments showninFigs. 5aand Sbresultsfrom the thickboundary-layer
developmentin the flow. Because in the present study only inviscid
flows are considered, this effect cannotbe reproduced. However, the
agreement between the inviscid calculation and the experiment is
remarkable. The grid-enrichment strategy increases the number of

0

10 T T T
a = 13.1°, Global refinement
a = 13.1°, Present
10°
—~
[
DV
5
Q
~
107
a = 6.%, Present
107

5000 10000 15000 20000
Number of iterations

o

Fig.6a Comparisonof convergence histories for the present and global
refinements.

g

Estimated error in the
suction pressure w.r.t
experiment

N W R

Gradient based |
Present

Estimated error in the T
stagnation pressure
w.r.t experiment

Error
-
LJ

Gradient based Present

1000 10000 100000
Number of grid points

Fig. 6b Results of the computation of the error functional for suction
and stagnation points, o = 13.1 deg.
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unknowns to be solved, and as the number of unknowns increases,
the time needed to reach a steady-state solution increases. A com-
parison between the present local grid refinement strategy and the
global mesh enrichmentis shown in Fig. 6a. If we take a cost func-
tional J, as the differencebetween the correct(experimental)suction
pressure P; and the computed suction pressure p at the suction point
of main element, then

A(m)—{( )

If we do the same thing for the stagnation pressure on the flap
element where P, is correct (or experimental) stagnation pressure
for which the cost functional J, is defined as

h(m)—{(“ P

then the present approach’s superiority of the predictive capability
in estimating the dominant pressure terms on the gradient-based
approach is as shown in Fig. 6b. The reason is that the pressure
gradients are strong in the gap between the main and the up-
per forward portion of the flap element where the fluid is com-
pressed; however, the maximum stagnation point at this angle of
incidence, @ = 13.1 deg, is on the lower forward portion of the TE
flap. The overall mesh quality before the refinement decreases from
07 =8.194 to 4.284 and after third refinement to Q7 =2.994 for
this case. Figure 7a shows the expected behavior of the flow around

at the suction point
otherwise (20)

at the stagnation point
otherwise 21)

Level p/pinf

™ 15 1.0378

14 1.0252

113 1.0126

1 12 1.0000

— 11 0.9874

— 10 09747

= 9  0.9621

8 09495

F- 7 09369

6 09243

5 09117

— 4  0.8991

3 08865

2 08739

. . 1 08613
i Q\

11 \ 12
13 e

Fig. 7a Pressure contours for NLR7301, a:= 6 deg.

Estimated error in the Lift coefficient
with respect to experiment

P

Present Gradient based

~1

Error
-
o

Y
M

Estimated error in the drag coefficient
with respect to experiment

107 v L
0 5000 10000 15000

Number of grid points

Fig.7b Comparison of c and ¢” ; With experimental measurements of
Van den Berg,*® with C;= 3 15,C;=0.048,and av=13.1 deg.

a high-liftairfoil, low pressure on the upperhalf portion of the airfoil
and high pressure on the lower surface. The NLR7301 at high an-
gle of incidence experiencesa stagnation point on the front portion,
as well as on the flap element. The pressure reaches its minimum
at the suction point. Figure 7b shows the predictive capability of
the present approach quantitatively® The difference is due to thick
boundary-layer development on the upper surface of the configu-
ration and the incapability of the inviscid flow model to solve the
boundary layer.

Conclusions

The solutions of refinement procedures based on error estima-
tion techniques for the accurate solutions of slightly compressible
flows over the slender bumps as well as flows past a multi-element
airfoil agree well with the previous experimental and theoreticalre-
sults. The predictive capability of the adjoint formulation, in which
the adjoint function is connected to local residual error as well as
linear variation of the functional with respect to coarse grid so-
lution, is more accurate than gradient-based techniques and more
efficient than global refinement strategies. The difference between
the experimental and the computationalresults on the upper surface
of the multi-element airfoil is not a result of inexact error estima-
tion. However, it results from the thick boundary-layerdevelopment
in the flow, which cannot be handled by the inviscid flow model.
The benefit of the presented local grid-refinement strategy based on
some prechosen relevant engineering quantity is that it quantifies
the specific locations in the domain that affect most the approxima-
tion of this quantity while maintaining the computational efficiency.
Moreover, this approach is broader in the sense of not requiring a
priori knowledge of the flow compared to standard gradient-based
or global refinement approaches.
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